Abstract. In the context of analyzing a new model for nonlinear diffusion in polymers, an unusual condition appears at the moving interface between the glassy and rubbery phases of the polymer. This condition, which arises from the inclusion of a viscoelastic memory term in our equations, has received very little attention in the mathematical literature. Due to the unusual form of the moving-boundary condition, further study is needed as to the existence and uniqueness of solutions satisfying such a condition. The moving boundary condition which results is not solvable by similarity solutions, but can be solved by integral equation techniques. A solution process is outlined to illustrate the unusual nature of the condition; the profiles which result are characteristic of a dissolving polymer.
of uses for polymers and other synthetic materials. These new materials promise to revolutionize entire industries and create new ones. The sudden explosion in the development of these materials has thrust materials science to the forefront of mathematical applications, especially since there is so little mathematical modeling of the dynamics of synthetic materials. Mathematicians are also handicapped by the debate raging among chemical engineers and materials scientists as to the exact physical mechanisms involved. However, all agree that the unusual behavior exhibited by these new materials indicates that the standard Fickian flux J -D(C)VC, where D(C) is the second-order diffusion tensor and C is the concentration, is not general enough to model the desired behavior accurately. It is also a growing consensus that some sort of viscoelastic stress plays a major role in diffusion in many of these materials, sharing dominance with molecular diffusion.
The promise that these new types of materials hold is astounding. New types of adhesives will adhere more while weighing less [1] , [2] . "Smart" polymer gels will forever change how doctors administer medicine, as they abandon standard global delivery methods in favor of internal or external on-site administrations [3]- [5] . Microlithographic patterning using polymer substrates has emerged as a major technology [6] . Polymer films have great value in protective clothing, equipment, or sealants *Received by the editors August 18, 1993 ; accepted for publication May 10, 1994. This work was performed under United States Army Research Office (Durham) contract DAAL03-89-K-0014, Na-Polymer-penetrant systems are particularly interesting since much of the observed behavior is inconsistent with a purely Fickian diffusion model. In particular, unless pathological conditions are met, the moving Fickian front always proceeds with speed proportional to t-l. However, in so-called case II diffusion in polymers, concentration fronts propagate with constant speed [3] , [8] . These fronts are usually sharp, and often the concentration flux into the phase change boundary is less than the concentration flux out! All of these characteristics are inconsistent with those of the Fickian diffusion model. Though the concentration fronts are sharp, there is no discontinuity in C, as observed in other, more standard chemical systems [9] .
The type of polymers which we wish to study can occupy one of two phases: glassy or rubbery. In the glassy state, the polymer has a finite relazation time associated with the length of the polymer in relation to the entanglement network. This nonlocal effect implies that there will be a stress associated with the "memory" of the polymer with respect to its concentration history. In the rubbery state, the polymer swells, making the relaxation time almost instantaneous. Hence, the "memory" of the polymer in the rubbery state is very faint. In addition, in many, but not all cases, there is a great increase in the diffusion coefficient as the polyrner changes from the glassy to rubbery state.
In order to incorporate this more complicated behavior into the flux, we propose the following much more general model for the flux: We specify the value of the concentration in the interior of at time t 0 and on the boundary 0 for all time. We could just have easily specified the flux on the boundary, though in the systems we wish to study the concentration is usually specified. In addition, the standard diffusion equation holds for the concentration in both domains, though the flux J may be different in each region. Specifically, we are considering the following system of equations:
In polymer-penetrant systems, there is no discontinuity of concentration at the front; it is merely very sharp. The front is characterized by a transition value C C, at which the glass-rubber phase transition takes place. Hence, we specify the following condition: (2.2) C-C,, Ct >0, x-s(t).
We include the derivative in (2.2) since we mathematically define the glassy region as the region where C < C, and the rubbery region as the region where C > C,.
At the moving boundary s(t) between the two regions a phase change takes place.
While the same physical mechanisms do not govern here, it is instructive to recall the boundary condition used in the classical Stefan problem [9] , where a change of phase takes place between ice and water. In that problem, the following condition holds:
Here a is the phase change parameter. Equation (2.3) 
Here H(t') is the Heaviside step function, f is some general scalar function, (C) is the inverse of the relaxation time for the polymer, and E(C) is a tensor. Specific forms for f, , and E will be chosen later. Hence we may write the flux as
We also note that a plays the role of the viscoelastic memory term, and that the definition of a in (2.5b) (2.8b) at +/3(C)a f (C, Ct).
Here we have combined the two equations on either side of the front. We will allow 
This is the condition at the moving boundary which replaces the standard Stefan flux condition; it is clearly more complicated than the standard Stefan condition, and the interesting details of these complications will be explored in the next section.
3. A one-dimensional problem with flux condition. For analytical tractability, we first consider a one-dimensional problem on a semi-infinite domain, in which case (2.8), (2.9), (2.1b), (2.6), (2.2) , and (2.7) become (3.1a) c (D(C)C + (c)), > o, (3.1b) at + (C)a= f (C, Ct), t > O, (3.2) [
We take E(C) and D(C) to be scalar nonnegative strictly increasing functions of C, reflecting the situation typically encountered in controlled-release pharmaceuticals [3]- [5] . Note that in one dimension cr can be interpreted as being analogous to stress. We also label the glassy region (the region ahead of the front) with a superscript g and the rubbery region (the region behind the front) with a superscript r.
Since we expect our front x s(t) to be monotonically increasing in t, we may invert to write the front as t (x). We then solve equation (3.15) subject to (3.4) and (3.55) 
We have expanded the argument of the exponential in the first term of a since we expect the relaxation time to undergo a discontinuous jump at C C., in agreement with experiments [17] . 
Note that since we have changed
Now using equations (3.6) in (3.7), we have the following:
Simplifying and transforming to our original variables, we have (3.9) [(c,)]
There are several interesting things to note in equation (3.10 In general, the behavior induced by (3.10) is highly complicated. Boundary conditions of the type of (3.10) are unusual in the mathematical literature, and certainly no comprehensive theoretical study of such a condition has ever been attempted. Hopefully such a study will be made in light of the fact that this paper will demonstrate that such an odd condition as (3.10) does occur in real-world problems. In the next section we will specialize our problem further, thereby making it possible to find analytical solutions. 
[(D(C,)+,E(C,+))C]+ [E(C,)][f(C(z,t'),Ct(z,t'))]e-(-t')dt' + [E(C,)(C,)]sa(s(t), t) ai.
We note that changes in E(C) also do not contribute significantly to the behavior of the system. Hence, we approximate E(C) by its average value in the entire polymer, which we denote by E, a positive constant. Doing so, (3.1a) and (4.6) become the following: Note that since > , we have a negative contribution to the left-hand side of (4.8).
In addition, in some polymer-penetrant systems, [Cx]s < 0. Therefore, we conclude that in certain polymer-penetrant systems a will be negative.
In order to make the problem analytically tractable, we make one more simplifying assumption. As stated before, the diffusion coefficient often, though not always, increases dramatically as the polymer goes from the glassy to rubbery state. However, changes within phases are less important. Hence, we perform the same averaging as we did with the relaxation time to obtain the following form for D(C): The functions 9b(t) and 9(x) are necessary since we have extended equations (4.12a) and (4.15a) outside their region of validity. Since equations (3.3) only hold in the domain of validity of (3.1), we must introduce these fictitious boundary conditions. The systems of equations (4.12)-(4.13) and (4.15)-(4.16) can be solved using standard Green's function techniques. The resulting solutions, which are written as convolutions of gb(t) and g(x), can then be substituted into equations (4.14), (4.17), and (4.18) to yield a system of three integral equations for the three unknowns gb(t), gi(x), and s(t). From experimental observations, we also expect the stress contribution to be important, so we let/, #0([ -2. We hypothesize that the following expansions in ([ hold: T =Tg+o(1), T<=T<+o (1), (5.6) a < 0, C, < lal < 1.
In this problem, the polymer is dry when the experiment starts, so equation (4.13a) becomes 0)=0.
We now wish to model a polymer entanglement network dissolving in the presence of a solvent. Here C is the concentration of the solvent. Imagine an experiment in which a polymer matrix is exposed to a infinite well of diluent. Though the concentration of the diluent may be 1 at the edge of the polymer matrix, it is clear that at the instant that we introduce the polymer into the solvent, the concentration can be no greater than C,, which is now defined as that concentration at which the entanglement network dissolves. We would expect that the maximal concentration of the diluent at the boundary will be achieved only in the mathematical limit t Going to the next order in the asymptotics yields the result that (5.18) imbedding of C from one region to the fully semi-infinite region.
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